is a connected open set, and ϕ a flow on X that is monotone for this order: If y x and t ≥ 0, then ϕ t y ϕ t y. Theorem: If periodic points are dense, ϕ is globally periodic.
Introduction
Many dynamical systems, especially those used as models in applied fields, are monotone: the state space has an order relation that is preserved in positive time. A recurrent theme is that bounded orbits tend toward periodic orbits. For a sampling of the large literature on monotone dynamics, consult the following works and the references therein: [1, 2, 3, 4, 7, 6, 8, 9, 10, 12, 14, 16, 17, 21, 22, 24, 25, 26, 27, 28, 31, 35, 36, 38, 39, 40, 41] .
Another common dynamical property is dense periodicity: periodic points are dense in the state space. Often considered typical of chaotic dynamics, this condition is closely connected to many other important dynamical topics, such as structural stability, ergodic theory, Hamiltonian mechanics, smoothness of flows and diffeomorphisms. But in contrast to monotonicity, demonstrations of dense periodicity are generally limited to compact invariant sets in the state space.
The purpose of this article is to show that systems having both monotonicity and dense periodicity are rare, because they are globally periodic: If time is continuous the system comes from an action of the circle group (Theorem 1), and if time is discrete the system comes from the action of a finite cyclic group ( [15, 23] ).
Terminology
Z denotes the integers, N the nonnegative integers, and N + the positive integers. R denotes the reals, Q the rationals, and Q + the positive rationals.
Let X denote an ordered space-a topological space endowed with a (partial) order relation . The order is always assumed to be closed: For all x ∈ X, the sets Let f : Y → Z be a map. For k ∈ N, the k'th iterate f k : y → y k is the map defined recursively by:
The fixed point set of f is
f is monotone Y and Z are ordered and
A flow on X is an indexed family ψ := ψ t t∈R of homeomorphisms ψ t : X ≈ X such that:
and the evaluation map
Since orbits are invariant and the flow on an orbit is transitive, distince orbits are disjoint.
The periodic set of ψ is
and the equilibrium set is
If p ∈ P \ E, its period is
and
is topologically conjugate to the flow on the topological circle R/rZ covered by the translational flow on R. Since the flow on a cycle is transitive, every cycle is unordered: none of its points are related by ≻. The flow is called:
• densely periodic if P is dense in X,
• globally periodic if ψ t is the identity map of X for some t > 0,
• monotone if ψ t is monotone for all t ≥ 0. This is the chief result:
is a closed convex cone that has nonempty interior and contains no straight line.
(H3) X has the order relation: y x ⇐⇒ y − x ∈ K.
(H4) ϕ is a monotone flow on X.
(H5) ϕ is densely periodic.
Then ϕ is globally periodic.
The proof is given after material about arbitrary monotone flows, followed by discussion of generalizations.
Resonant flows
Henceforth ψ denotes a monotone flow on an arbitrary ordered space X.
Lemma 2. Assume:
(i) p k and q k are seqences in X converging to x ∈ X,
Proof. By (i) and continuity of ψ we have
while (ii) and monotonicity show that
From hypothesis (i), Equations (3) and (4), and continuity of the flow, we infer:
implying:
whence by monotonicity:
By (5) and (6): t ≥ 0 =⇒ x ψ t x and x ψ t x.
which can only happen if x ∈ E.
Definition. S is resonant, and ψ is resonant in S , provided S ⊂ X and:
It is easy to see that:
• If S is resonant, so is its orbit and its subsets.
• The intersection of resonant sets is resonant.
• The union of resonant sets is resonant if their intersection meets a cycle,
The following proposition, which doesn't require X to to be ordered, will be used to reduce the Main Theorem to the analogous statement for homeomorphisms, Theorem 6.
Proposition 3. Assume:
• ψ is resonant in S ,
Proof. It suffices to prove:
Let π(q) = s > 0. Since S is resonant, there exist m, n ∈ N + with rn = sm. Therefore ψ r n q = ψ s m q = q, yielding (7).
Theorem 4 (Resonance Criterion).
Assume
Claim: r/s is rational. This is trivial if r = s. To fix ideas, assume assume r < s, the case r > s being similar. Set ξ := r/s. For all n, m ∈ Z:
Monotonicity implies
If per contra ξ is irrational, then the set
is dense in R, 1 whence
is dense in O(q). Since the order relation is closed, (10) implies
Since cycles are invariant, O(p) O(q) by (11), monotonicity of ψ, and transitivity of ψ|O(p), whence disjointness of O(p), O(q) implies O(p) ≺ O(q). But this contradicts the hypothesis, proving the Claim.
1 Equivalently: The orbit of a rotation of the circle S 1 through an irrational multiple of π is dense in S 1 . This ancient result goes back to Nicole Oresme in the 14th century! See Grant [11] , Kar [18] . A short proof based on the pigeon-hole principle is in Speyer [37] . Stronger density theorems are in Bohr [5] , Kronecker [20] , Weyl [43, 44] .
Next we prove:
This is trivial if u ∈ E or u = q, so we assume p u ≺ q, E. Note that O(u) ⊀ O(q) because otherwise O(p) ≺ O(q), contrary to hypothesis. Therefore the Claim implies (12) .
Resonance of [u, v] now follows: If u, v ∈ [p, q]∩P\E, then applying the claim to both u and v gives:
, there exists l > 0 such that: 
Proof of Theorem 1
Recall the hypotheses, assumed henceforth:
is a closed convex cone that has nonempty interior and contains no straight line.
(H3) The order relation on X is: y x ⇐⇒ y − x ∈ K.
The proof that ϕ globally periodic relies on two theorems on monotone homeomorphisms, stated below.
Definitions. A homeomorphism T : X ≈ X is:
• densely periodic if P(T ) is dense in X,
• globally periodic if T k is the identity map of X for some k ∈ N + .
The following striking result was proved recently:
Theorem 6 (B. Lemmens et al., [23] ). Assume (H1), (H2), (H3). Then a monotone homeomorphism T : X ≈ X is globally periodic provided it is densely periodic. 2 We also use an elegant result from the early days of transformation groups:
Theorem 7 (D. Montgomery, [29, 30] But then t ∈ R =⇒ ϕ t x = x, giving the contradiction x ∈ E(ϕ).
As P(ϕ) is dense in X, there exist p, q ∈ P(ϕ) \ E(ϕ) such that Proposition 8 implies ϕ is pointwise periodic in X \ E. Since ϕ|E is trivially pointwise periodic, we see that ϕ is pointwise periodic. Therefore Theorem 1 follows from Theorem 7.
